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Abstract—This paper addresses the challenge of energy-
efficient rendezvous for heterogeneous multi-agent systems
(MASs) operating within a convex polytope that may contain
convex denied regions. We formulate centralized CRM-D and
distributed DRMi-D models to identify energy-optimal feasible
rendezvous points, considering both unconstrained and denied-
region scenarios. For each model, we develop exact solution
methods for the unconstrained case and heuristic approaches
to handle denied regions effectively. Additionally, we propose
synchronous C-MAS and asynchronous D-MAS controllers based
on the solutions of the mathematical models. The controllers
aim to minimize energy consumption by generating low-power
control commands and smoothing agent trajectories to reduce
abrupt velocity and acceleration changes. We conduct extensive
simulations to assess the robustness and energy efficiency of
the proposed controllers in guiding a MAS to the computed
rendezvous points under varying system dynamics. The results
demonstrate that both C-MAS and D-MAS effectively achieve
consensus on the rendezvous point while maintaining robust
performance even in the presence of denied regions and agent
failures. These findings highlight the scalability and practical
applicability of the proposed controllers in dynamic and resource-
constrained MAS environments.

Index Terms—Centralized and distributed control, energy
efficiency, multi-agent systems, rendezvous problem.

I. INTRODUCTION

RESEARCH on the intelligent control of multi-agent
systems (MASs) has gained considerable attention in

recent decades, driven by applications in artificial satellites,
UAVs, UGVs, and UNVs [1]. A heterogeneous MAS consists
of agents like autonomous robots, each with distinct capa-
bilities. The diverse functionalities in heterogeneous MASs
enable more adaptable formations and efficient mission exe-
cution, making them increasingly relevant for complex tasks.
However, controlling MASs is challenging due to nonlinear
dynamics, uncertainties, external disturbances, and potential
sensor and actuator failures.

The intelligent control of MASs encompasses key research
areas such as rendezvous [2], consensus [3], aggregation,
formation [4], flocking [5], and tracking [6], while ensuring
collision avoidance [7] and obstacle navigation [8]. Advanced
MAS control enables complex cooperative missions, includ-
ing area mapping [9], reconnaissance and surveillance [10],
telecommunications, and disaster-related search and rescue
[11], supporting effective mission execution [12, 13].
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The multi-agent rendezvous problem involves agents con-
verging at a common, unspecified location. Consensus, derived
from distributed computing, refers to agents agreeing on a spe-
cific value or function [14]. The two problems are equivalent
when agents can move freely [15].

The rendezvous problem in MASs can be classified into
deterministic and stochastic approaches, with deterministic
methods relying on predefined protocols and exact positional
knowledge [16], while stochastic methods address uncertain-
ties through probabilistic convergence techniques [17]. It can
also be categorized as synchronous or asynchronous based
on whether agents move simultaneously or independently
[18]. Additional classifications include discrete vs. continuous
space, centralized vs. distributed control [19], and constrained
vs. unconstrained regions, where agents navigate obstacles or
restricted zones to reach a common point [20–22].

Rendezvous problems in MASs are addressed using di-
verse solution approaches, including analytical, algorith-
mic, optimization-based, control-theoretic, graph-theoretic,
and learning-based methods. Analytical approaches use meth-
ods like centroid calculation, geometric averaging, and Lya-
punov functions to determine convergence points under ide-
alized conditions [23], but often ignore practical constraints
like delays or obstacles. Algorithmic methods, including con-
sensus algorithms [24], gossip protocols, and probabilistic
random walks, enable decentralized coordination through local
interactions [25]. Models like Vicsek [26] and leader-follower
[27, 28] frameworks also guide agents to a common point in
synchronous and asynchronous settings.

Optimization-based methods frame rendezvous as an opti-
mization problem, using techniques like linear programming,
quadratic programming, and gradient descent to minimize
metrics such as energy use, convergence time, or control effort
[29]. Potential and control barrier functions are also applied
for obstacle avoidance and collision prevention [30]. Control-
theoretic approaches employ PID control, adaptive control, and
sliding mode control to direct agents to the rendezvous point
while maintaining stability and robustness [31].

Graph-theoretic methods model agent interactions as com-
munication graphs, using tools like spanning trees, connectiv-
ity matrices, and consensus protocols to ensure convergence
under dynamic topologies and intermittent links [32]. These
approaches are effective in distributed settings with limited
communication. Learning-based methods, such as reinforce-
ment learning [33], neural networks, and multi-agent deep
Q-networks [34], address complex rendezvous problems in
uncertain or adversarial environments.
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This research makes the following key contributions:
1) We define an energy-efficient rendezvous problem for

heterogeneous MASs operating within a convex poly-
tope that may include convex denied regions.

2) We develop centralized CRM-D and distributed DRMi-D
models to identify energy-optimal feasible rendezvous
points, proposing exact solutions for unconstrained cases
and heuristic methods for scenarios involving denied
regions.

3) We design synchronous C-MAS and asynchronous
D-MAS controllers that leverage the model solutions to
generate energy-efficient control commands and smooth
agent trajectories.

4) We conduct simulations to evaluate the robustness and
energy efficiency of the proposed controllers in guiding
a MAS to the desired rendezvous point.

The paper is structured as follows: Sec. II defines the
notation and provides preliminary theory, while Sec. III de-
scribes the rendezvous problem over a convex region. Sec. IV
presents the centralized and distributed rendezvous formula-
tions, including both exact and heuristic solution methods,
followed by the corresponding MAS controllers in Sec. V.
Simulation results assessing controller robustness are provided
in Sec. VI. Finally, Sec. VII concludes the paper with insights
and potential future research directions.

II. PRELIMINARIES AND NOTATION

A. Basic Graph Theory

A directed graph G = (V,E), where V = {i1, ..., iN} rep-
resents the set of nodes and E ⊆ V ×V denotes the set of
arcs, is used to model the communication topology of a MAS.
An agent can share information with other agents within its
communication range. That is, for i1, i2 ∈V there exists an arc
(i1, i2) ∈ E if agent i2 can receive information from agent i1.
Note that in a heterogeneous MAS, the existence of (i1, i2)∈E
does not necessarily imply (i2, i1)∈ E, as the agents may have
non-identical communication ranges. The set of neighbors
Ni = { j ∈ V | ( j, i) ∈ E} represents the agents that can send
information to agent i.

The vector 1N represents the unit column vector and 1 j is
a column vector in RN with only its jth entry equal to one.
The notation ∥.∥ indicates Euclidean norm and for vectors
p,q ∈ Rn

∥p−q∥2 =
n

∑
τ=1

(pτ −qτ)
2 (1)

is the squared Euclidean distance.

B. Constrained Convex Non-Linear Programming

A set S is convex if and only if, for all x1,x2 ∈ S and
0≤ λ ≤ 1,

λx1 +(1−λ )x2 ∈S . (2)

A convex combination of the vectors x1,x2, ...,xl ∈ Rn is
defined as y = ∑

l
k=1 λk xk, where the coefficients λ1, ...,λl

satisfy λk ≥ 0 for all k and ∑
l
k=1 λk = 1 [35, 36].

Let f : D f → R be a continuously twice differentiable
function defined on a convex domain D f ⊆ Rn. Then, f is

a convex function if and only if its Hessian matrix ∇2 f (x)
is positive semi-definite for all x ∈ D f . In a constrained non-
linear programming (CNLP) problem, the objective function
f is minimized subject to the equality constraints hi(x) = 0
for i = 1, ...,m, and the inequality constraints gk(x) ≤ 0 for
k = 1, ..., p as described in the system (3)–(5).

min
x∈D f

f (x) (3)

s.t. hi(x) = 0 i = 1, ...,m : πi (4)
gk(x)≤ 0 k = 1, ..., p : µk (5)

Corollary 1. A CNLP is a convex programming (CP) problem
if

1) the objective f is a convex function,
2) the equality constraints hi are linear functions,
3) the inequality constraints gk are convex functions.

An inequality constraint, say gk(x) ≤ 0 for k = 1, ..., p, is
active (tight) at a given point x∗ if gk(x∗) = 0 for k ∈I . The
constraint is inactive if gk(x∗)< 0 at that point. Let Sc be the
surface defined by the active constraints as

Sc =

{
x ∈ Rn | hi(x) = 0, i = 1, ...,m,

gk(x) = 0, k ∈I

}
. (6)

x∗ is a regular point on Sc if the gradients ∇hi(x∗) for i =
1, ...,m and ∇gk(x∗) for k ∈I are linearly independent.

In a CNLP, a stationary point x∗ ∈ D f is a regular point
on Sc and can be found by solving the Karush-Kuhn-Tucker
(KKT) first order conditions as given in Definition 1. Here, πi
and µk are the dual variables associated with the equality and
inequality constraints, respectively.

Definition 1. (Karush-Kuhn-Tucker First Order Condi-
tions)

1) Dual Feasibility, (∇xL(x,π,µ) = 0, µk ≥ 0)

∇ f (x)+
m

∑
i=1

πi∇hi(x)+
p

∑
k=1

µk∇gk(x) = 0 (7)

µk ≥ 0 k = 1, ..., p (8)

2) Complementary Slackness

µk gk(x) = 0 k = 1, ..., p (9)

3) Primal Feasibility, (∇λ L(x,π,µ) = 0)

hi(x) = 0 i = 1, ...,m (10)
gk(x) = 0 k ∈I (11)
gk(x)< 0 k /∈I (12)

Corollary 2. In a CP problem, the KKT first order conditions
are sufficient to conclude that a stationary point x∗ is a local
minimum of the objective function f , subject to the constraints
hi(x) = 0 for i = 1, ...,m, and gk(x)≤ 0 for k = 1, ..., p.
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III. SYSTEM DESCRIPTION

In a MAS consisting of K types of agents, let N denote the
number of agents, with their indices collected in the set N =
{1, ...,N}. Equations (13) and (14) describe a double integrator
model, offering a simplified yet effective approximation of
agents’ dynamics.

ṗi = vi i ∈N (13)
p̈i = ui i ∈N (14)

Here, ui ∈ Rn represents the control input (acceleration),
pi ∈ Rn denotes the position, and vi ∈ Rn is the velocity of
agent i ∈ N . The velocity and acceleration of agent i are
constrained by the bounds (vi, v̄i) and (ai, āi), respectively. The
power consumption of agent i, denoted as wi watts, is a known
convex function of its instantaneous velocity vi meter/sec.
The state of an agent i is expressed as [pT

i ,v
T
i ,wi] ∈ R2n+1.

Additionally, an agent can communicate with others within a
range of ωi meters.

The region of interest is described as a convex polytope R⊆
Rn, defined by M extreme points, which are collected in the
finite set M = {1, ...,M}. The polytope R can be expressed as
a convex combination of its extreme points ek ∈Rn for k∈M ,
as described in (15).

R =

x ∈ Rn | x = ∑
k∈M

λk ek, ∑
k∈M

λk = 1,

λk ≥ 0, λk ∈ R

 (15)

The region R contains D distinct denied convex polytopes,
each defined by a finite number of Dl extreme points for l ∈
{1, ...,D}. Equation (16) defines the lth denied polytope Dl
as a convex combination of its extreme points ēlk ∈Rn, where
l ∈ {1, ...,D} and k ∈ {1, ...,Dl}.

Dl =

x ∈ Rn | x =
Dl

∑
k=1

λ̄lk ēlk,
Dl

∑
k=1

λ̄lk = 1,

λ̄lk ≥ 0, λ̄lk ∈ R

 (16)

The union set D = ∪D
l=1Dl represents the set of denied

regions within the region R, which is not necessarily a convex
set. The ultimate goal is for the MAS to achieve rendezvous at
a non-denied position r within the region R while minimizing
the energy consumption of the system.

An agent i∈N can acquire the state of a local agent j ∈Ni
and the local environment through its onboard sensors, such
as cameras, IR or LIDAR sensors, and by utilizing multi-
hop communication with its neighbors [37]. Let an agent i
perceive a local polytope R(i) ⊆ R, defined by the extreme
points e(i)k , indexed by M (i) = {1, ...,M(i)} ⊆M . Similarly,
D

(i)
l ⊆Dl represents the lth local denied polytope of agent i,

with extreme points ē(i)lk for l ∈ {1, ...,D} and k ∈ {1, ...,D(i)
l }.

The union set D (i) = ∪D
l=1D

(i)
l represents the set of local

denied regions for agent i. The regions R(i) and D
(i)
l define the

local environment of agent i and can be obtained by rewriting
Equations (15) and (16) using the local extreme points e(i)k and
ē(i)lk , respectively.

IV. MATHEMATICAL FORMULATIONS

A. Rendezvous Models

The centralized rendezvous model with denied zones
(CRM-D), defined by (17), identifies the energy-optimal ren-
dezvous point r ∈Rn within non-denied zones. This optimiza-
tion is performed given the positions pi and instantaneous
power consumption wi, which are determined based on the
current velocities vi of the agents i ∈ N . The centralized
rendezvous model (CRM) is derived by relaxing the denied-
zone constraints, allowing r ∈R in (17).

min
r∈R\D ∑

i∈N

wi

∥vi∥
∥pi− r∥2 (17)

The distributed rendezvous model for agent i with denied
zones (DRMi-D), as given by (18), determines the energy-
optimal local non-denied rendezvous point ri for i ∈N . The
distributed rendezvous model for agent i (DRMi) is a local
model obtained by relaxing the feasible region in (18), such
that ri ∈R(i).

min
ri∈R(i)\D(i)

∑
j∈Ni

w j

∥v j∥
∥p j− ri∥2 (18)

We observe that, while CRM and DRMi are CP problems,
CRM-D and DRMi-D are not due to their non-convex feasible
sets. However, if the MAS communication network is con-
nected, then DRMi-D is equivalent to CRM-D for i ∈N since
Ni = N , R(i) = R, and D (i) = D .

B. Analytical Solutions

1) Analytical Solution of CRM: Firstly, we represent the
convex CRM problem as

min ∑
i∈N

wi

∥vi∥
∥pi− r∥2 (19)

s.t.

r = ∑
k∈M

λk ek (20)

∑
k∈M

λk = 1 (21)

λk ≥ 0 k ∈M (22)

Then, we replace r in the objective (19) with (20) and
rewrite the CRM model as

min ∑
i∈N

wi

∥vi∥

∥∥∥∥∥pi− ∑
k∈M

λk ek

∥∥∥∥∥
2

(23)

s.t.

∑
k∈M

λk−1 = 0 : π (24)

−λk ≤ 0 k ∈M : µk (25)

which is a convex CNLP with an equality (24) and M
inequality (25) constraints. The dual variables are π and µk
for k ∈M , respectively.

Let h(λ ) = ∑k∈M λk−1, gk(λ ) =−λk for k ∈M and

f (λ ) = ∑
i∈N

wi

∥vi∥

n

∑
τ=1

(
piτ − ∑

k∈M
λk ekτ

)2

(26)
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for λ ∈ RM . Then, the gradient vectors are ∇h(λ ) = 1M and
∇gk(λ ) =−1k for k ∈M and

∇ f (λ ) =


...

ak1 ... akk′ ... akM
...




...
λk′
...

+


...
bk
...


= Aλ +b (27)

where
bk = ∑

i∈N

n

∑
τ=1
−2

wi

∥vi∥
ekτ piτ k ∈M (28)

are known constants,

akk′ = ∑
i∈N

n

∑
τ=1

2
wi

∥vi∥
ekτ ek′τ k,k′ ∈M (29)

are known coefficients and A is a symmetric matrix.

Proposition 1. At a regular point λ ∈RM of the CRM model,
there is at least one λk > 0 for k ∈M .

Proof. Consider the equality

α0∇h(λ )+α1∇g1(λ )+ ...+αM∇gM(λ ) = 0

for α0, α1, ..., αM ∈R. We observe that the equality is satisfied
for α0 = α1 = ... = αM = 1, which proves that the vectors
∇h(λ ) and ∇gk(λ ) for k ∈M are linearly dependent.

At a regular point λ of CRM, the gradients of the active
constraints should be linearly independent. The constraint
h(λ ) = 0 is active due to feasibility restrictions (24). Then,
there can be at most (M−1) active gk(λ ) = 0 constraints, i.e.,
λk = 0, and at least one λk > 0. ■

We can write the KKT first order conditions for CRM as
follows:

1) Dual Feasibility

∑
k′∈M

akk′λk′ +bk +π−µk = 0 k ∈M (30)

µk ≥ 0 k ∈M (31)

2) Complementary Slackness

µk λk = 0 k ∈M (32)

3) Primal Feasibility

λ1 + ...+λM−1 = 0 (33)
λk = 0 k ∈I (34)
λk > 0 k /∈I (35)

A regular point λ ∈ RM , which satisfies KKT conditions
(30)–(35), along with feasible values for π ∈ R and µ ∈ RM ,
is a stationary point of CRM. One can represent (30) and (33)
as a system of linear equations A′x+b′ = 0, where

A′ =


a11 ... a1M 1 −1

. . . 1
. . .

aM1 ... aMM 1 −1
1 ... 1 0 0 ... 0

 (36)

x =
[
λ1 ... λM π µ1 ... µM

]T and b′ =
[
b1 ... bM −1

]T
. (37)

Remark 1. The rank of the matrix A′ is at most (M + 1)
in (36), and the vector x ∈ R2M+1 in (37). That is, there are
infinitely many solutions to the linear system A′x+b′ = 0.

According to Proposition 1, there is at least one λk > 0 for
which µk = 0 due to complementary slackness (32). Let there
be |M \I | values of λk > 0 in (35) and µk = 0 in (32). Then,
we are left with |I | values of λk = 0 in (34) and µk ≥ 0 in
(31) and (32).

Hence, one can chose (M+1) basic variables as π , |M \I |
arbitrary values for λk, and the remaining |I | values for µk.
Note that if A in (27) is of full rank, so does the basic
submatrix of A′. As a result, the basic variables can be
uniquely determined in the system A′x+b′ = 0.

Proposition 2. Let π , |M \I | arbitrary values of λk, and the
remaining |I | values of µk be chosen as the (M + 1) basic
variables of the system A′x+ b′ = 0. Let x∗ = [λ ∗ π∗ µ∗]T

denote the unique solution to this system.
Then, λ ∗ is a stationary point of CRM if λ ∗k ≥ 0 and µ∗k ≥ 0
for all k ∈M .

Proof. We can rewrite the CRM KKT conditions (30)–(35) as
follows:

A′
λ

π

µ

+b′ = 0 (38)

µk λk = 0 k ∈M (39)
λk, µk ≥ 0 k ∈M (40)

The selection of basic variables obeys the complemen-
tary slackness (39). Therefore, if a feasible solution x∗ =
[λ ∗ π∗ µ∗]T of the system (38) satisfies (40), then it is a
stationary point of CRM. ■

Remark 2. As CRM is a CP, Corollary 2 implies that a
stationary point obtained from (30)–(35) is a local minimum
of CRM. Remark 1 indicates that there can be infinitely many
stationary points λ ∗ of CRM. However, CRM has a unique
rendezvous point (41) which is the global minimizer r∗ of
the strictly convex objective function (19).

The CRM-OPT algorithm computes a global minimum of
CRM by iteratively solving the linear system (38) until the
solution satisfies (40). Initially, we assume that I = /0, i.e., all
λk variables are basic. If the unique solution x∗ of (38) does
not satisfy (40), then the violating λk variables are switched
non-basic, and the corresponding µk variables are made basic
to ensure compliance with (39).

Proposition 1 establishes that there is at least one basic λk
for a stationary point. Therefore, the number of variable shifts
in Steps 4–10 is bounded by at most (M−1) times. In Step 2,
Gaussian elimination can solve the system of linear equations
in O(M3) time [38]. Consequently, the CRM-OPT algorithm
has a worst-case runtime of O(M4) in polynomial time, where
M is the number of extreme points of R. The complexity of
CRM-OPT is substantially better than that of the active set
algorithm, a standard quadratic programming solver, which
executes with a worst-case complexity of O(M32M) [39].
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Algorithm 1 A Global Minimum of CRM (CRM-OPT)
Input: An instance of CRM
Output: A global minimum of CRM

Initialization : Let B be the set of basic variables,
B̄ be the set of non-basic variables.

1: Let B = {π,λ1, ...,λM}, B̄ = {µ1, ...,µM}.
2: Set the variables in B̄ to zero and solve the system (38)

for the variables in B uniquely.
Let x∗ = [λ ∗ π∗ µ∗]T be the solution.

3: if x∗ violates (40) then
4: for k ∈M do
5: if λk < 0 then
6: B←B \{λk} and B̄← B̄∪{λk}
7: B←B∪{µk} and B̄← B̄ \{µk}
8: Go to Step 2.
9: end if

10: end for
11: end if
12: return λ ∗

Let λ ∗ = [λ ∗1 , ...,λ
∗
M]T denote an optimal solution of CRM

obtained using CRM-OPT. The global optimal rendezvous
point r∗ for CRM is given by

r∗ = ∑
k∈M

λ
∗
k ek (41)

where ek for k ∈M are the extreme points of R.

Corollary 3. The optimal rendezvous point r∗ of the uncon-
strained CRM is the weighted average of the initial agent
positions pi, i.e.,

r∗ =

∑
i∈N

wi
∥vi∥ pi

∑
i∈N

wi
∥vi∥

. (42)

Moreover, if r∗ ∈R, then it is the optimal rendezvous point r∗

for CRM.

Example 1. Fig. 1 illustrates an instance of CRM with N = 3
agents, where the rectangular R is defined by M = 4 extreme
points. The initial agent positions pi, power consumptions wi
for i ∈ {1,2,3} at instantaneous velocity ∥vi∥ = 1 meter/sec,
and extreme points ek for k ∈ {1,2,3,4} are shown in Fig. 1.

Fig. 1. A CRM instance in R2.

Corollary 3 states that the optimal rendezvous point r∗ of
the unconstrained CRM is given by

r∗ =
1
6

(
3
[

1
2

]
+2
[

3
4

]
+1
[

5
2

])
=

[
7/3
8/3

]
(43)

which is the optimal solution of CRM, as it lies within R.
Formally, by applying (28) and (29), we derive the linear

equation system A′x =−b′ as follows


156 204 132 84 1 −1 0 0 0
204 300 228 132 1 0 −1 0 0
132 228 188 108 1 0 0 −1 0
84 132 108 60 1 0 0 0 −1
1 1 1 1 0 0 0 0 0





λ1
λ2
λ3
λ4
π

µ1
µ2
µ3
µ4


=


152
208
144
88
1

 . (44)

A solution of (44) is λ1 = 2/3, λ2 = 1/6, λ4 = 1/6 and
λ3 = π = µ1 = µ2 = µ3 = µ4 = 0, which is a stationary point of
CRM since (39) and (40) are satisfied. (41) implies the optimal
rendezvous point of CRM is

r∗ =
2
3

[
2
3

]
+

1
6

[
4
3

]
+

1
6

[
2
1

]
=

[
7/3
8/3

]
(45)

which is equal to r∗ as expected. Note that CRM-OPT is
capable of generating a global minimum of CRM even if the
unconstrained solution r∗ /∈R.

2) Analytical Solution of DRMi: A similar approach to
the one discussed in Sec. IV-B1 can be used to design the
DRMi-OPT algorithm for an agent i. This involves utilizing
the local neighborhood j ∈Ni and the extreme points e(i)k for
k ∈M (i) that define the local environment R(i). DRMi-OPT
computes a global optimum solution λ ∗ = [λ ∗1 , ...,λ

∗
M(i) ]

T for

DRMi in O
(
(M(i))4

)
polynomial time in the worst case, where

M(i) is the number of extreme points of R(i). The optimal
rendezvous point r∗i for an agent i can then be expressed as

r∗i = ∑
k∈M (i)

λ
∗
k e(i)k . (46)

Rendezvous consensus over a time-varying communication
topology can be achieved using the following update rule:

r∗i ← r∗i +
1

t +1 ∑
j∈Ni

w j

∑
j∈Ni

w j
(r∗j − r∗i ) (47)

where w j represents the instantaneous power consumption of
a neighboring agent j ∈ Ni, which depends on its current
velocity v j.

C. Heuristic Solutions

1) A Heuristic Solution of CRM-D: As noted in Sec. IV-A
CRM-D is not a CP, and therefore, the KKT first-order
conditions are not sufficient to conclude the optimality of
a stationary point, as stated in Corollary 2. Let r∗ denote
the global optimal solution of CRM, as defined in (41). If
r∗ ∈Dl for l ∈ {1, ...,D}, then r∗ can be expressed as a convex
combination of the extreme points ēlk for k ∈ {1, ...,Dl}, i.e.,
the set Cl ̸= /0, as described in (48).
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Cl =



λ̄lk ∈ R |
Dl

∑
k=1

λ̄lkēlk = r∗

Dl

∑
k=1

λ̄lk = 1

λ̄lk ≥ 0, k = 1, ...,Dl


(48)

Constraint programming can verify whether Cl ̸= /0 by
applying the first phase of the Two-Phase method, an initial-
ization technique, in O(n) polynomial time [40]. Additionally,
we define the function DeniedIndex(r∗) to return the index
l if r∗ ∈Dl , or −1 if r∗ ∈R \D , with a runtime of O(nD).

The H-CRM-D algorithm starts with the optimal solution r∗

of CRM and determines its denied region index l∗ in Step 2.
To move the point r∗ out of the denied region l∗, an updated
position r∗+ dρ is computed in Step 5, where d ∈ Rn is a
properly chosen offset direction and ρ ≥ 0 is the step length.
If the new point r∗, a local optimum of CRM-D, lies outside
all denied regions, the offset process terminates at Step 6.

Proposition 3. Let r∗ ∈ Dl , and let ēlk for k ∈ {1, ...,Dl}
represent the extreme points of Dl . Define the step length as

ρ = max
k∈{1,...,Dl}

{∥ēlk− r∗∥} . (49)

For any unit direction d ∈ Rn, the point (r∗+ρd) /∈Dl .

Proof. The step length ρ in (49) represents the maximum
Euclidean distance from r∗ to the extreme points of Dl .
Consequently, moving ρ steps in any unit direction ensures
that the point r∗ is shifted beyond the boundaries of Dl .

Proposition 4. Let r∗ ∈Dl and the step length ρ be defined as
in (49). Then, the minimum energy-consuming offset direction
d̄ ∈ Rn is given by

d̄τ =

∑
i∈N

(2ρ
wi
∥vi∥ piτ −2ρ

wi
∥vi∥ r∗τ )−η

∑
i∈N

2ρ2 wi
∥vi∥

τ = 1, ...,n (50)

where η ∈ R\{0} is a sufficiently small constant. The corre-
sponding unit offset direction is

d = d̄/∥d̄∥. (51)

Proof. Let d̄ be an offset direction, and let the step length ρ be
defined as in (49). Consider the new point r∗+ρ d̄. The energy
consumption function in (17) can be rewritten as a function
of d̄ as

f (d̄) = ∑
i∈N

wi

∥vi∥

n

∑
τ=1

(
piτ − r∗τ −ρ d̄τ

)2 (52)

since pi, r∗ and ρ are given. A non-zero offset direction d̄ can
be found by solving the following CP formulation:

min f (d̄) (53)

s.t.
n

∑
τ=1

d̄τ = c : η (54)

where c ∈ R is a constant and η ∈ R is the dual variable of
(54). By applying KKT first-order conditions, d̄τ is obtained

as given in (50) for τ = 1, ...,n. To find a minimum energy-
consuming direction, a sufficiently small non-zero value for
η , such as η = 0.01, can be selected. The corresponding unit-
length direction d is then computed using (51). ■

Algorithm 2 A Heuristic Method for CRM-D (H-CRM-D)
Input: An instance of CRM-D
Output: A local minimum of CRM-D

1: Apply the CRM-OPT algorithm to find the optimum solu-
tion r∗ of CRM.
Find the denied region of r∗

2: Let l∗ = DeniedIndex(r∗)
3: while l∗ > 0 do
4: Find the step length ρ in (49) and the offset direction

d in (51).
5: Update r∗← r∗+ρd
6: l∗ = DeniedIndex(r∗)
7: end while
8: return r∗

H-CRM-D executes in O(nD) polynomial time if the denied
regions are sufficiently separated. In such scenarios, r∗ can be
pushed out of the denied region D within a finite number of
updates in Step 5.

Example 2. A CRM-D instance is illustrated in Fig. 2, which
represents the same scenario as in Fig. 1, but with an additional
denied region inside. The extreme points of the denied region
are provided as follows

ē1 =

[
2.2
2.7

]
, ē2 =

[
2.5
2.8

]
, ē3 =

[
2.8
2.7

]
, ē4 =

[
2.4
2.5

]
. (55)

Fig. 2. A CRM-D instance in R2.

Note that the CRM rendezvous point r∗ =
[

2.3
2.7

]
is located

within the denied region in Fig. 2. H-CRM-D calculates the
step length ρ as

ρ = max
k∈{1,...,4}

{∥ēk− r∗∥}= 0.47. (56)

An offset direction d̄ is determined as

d̄ =

[
d̄1
d̄2

]
=

[
− η

12ρ2

− η

12ρ2

]
for η ∈ R\{0}, (57)
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which gives the corresponding unit direction d as

d =

[
d1
d2

]
=

[
− 1√

2
− 1√

2

]
. (58)

H-CRM-D updates the rendezvous point r̄∗ as

r̄∗ =
[

2.3
2.7

]
+0.47

[
−0.71
−0.71

]
=

[
2

2.3

]
(59)

which lies outside the denied region as shown in Fig. 2.

2) A Heuristic Solution of DRMi-D: We can follow a similar
approach as in Sec. IV-C1 to obtain a local optimal solution
of DRMi-D by utilizing the local neighborhood j ∈Ni and the
local environment R(i) and D (i).

Specifically, DeniedIndex(r∗i ) returns the index l if r∗i ∈
D

(i)
l , or −1 if r∗i ∈R(i) \D (i) for an agent i. The step length

ρ(i) is defined by rewriting (49) using the local extreme points
ē(i)lk for l ∈ {1, ...,D} and k ∈ {1, ...,D(i)

l }. Then, the unit offset
direction d(i) is obtained by rewriting (51) with ρ(i) and j∈Ni.

The H-DRMi-D algorithm begins with the global optimal
solution r∗i of DRMi, as given in (46). Agents then achieve
consensus on the rendezvous point r∗ by applying the update
rule in (47). The algorithm iteratively updates r∗ ← r∗+ ρd
until the condition r∗ ∈R(i) \D (i) holds for all i ∈N . This
procedure completes in O(nD) time.

The H-DRMi-D algorithm is lightweight, enabling easy
implementation on microprocessors. Moreover, an agent can
apply H-DRMi-D to rendezvous with the MAS at any time by
utilizing the most up-to-date local information.

D. Distributed Aggregation Control

In the double integrator model, the state of agent i is given
by (pi,vi), and the MAS centroid is defined as p̄ = 1

N ∑i∈N pi.
Let r∗ denote the rendezvous point generated by the H-CRM-D
or H-DRMi-D algorithms.

The distributed aggregation control of a MAS around a ren-
dezvous point r∗ is governed by multiple potential functions.
Specifically, the attraction potential (60) and the repulsion
potential (61) regulate the interactions among agents, while
the tracking potential (62) directs the agents toward r∗. The
control parameters α , β , γ , δ ∈ R+ are employed, with the
condition that α < β .

Ja(p) = ∑
i∈N

∑
j∈Ni

α

2
∥pi− p j∥2 (60)

Jr(p) = ∑
i∈N

∑
j∈Ni

βγ

2
exp
(
−
∥pi− p j∥2

γ

)
(61)

Jt(p) =
Nδ

2
∥ p̄− r∗∥2 (62)

A multimodal Gaussian profile models the obstacles within
R, while the environment profile (63) captures the interactions
between the agents and the obstacles. This profile is parame-
terized by the amplitude ζl ∈R, the centroid θl ∈Rn, and the
deviation σl ∈ R+ for l ∈ {1, ...,D}.

Jo(p) = ∑
i∈N

D

∑
l=1

ζl

2
exp
(
−∥θl− pi∥2

σl

)
(63)

The energy potential (64) is the total instantaneous energy
consumption, where wi is a continuously differentiable convex
function representing the power consumption of agent i.

Je(v) = ∑
i∈N

wi(vi) (64)

The candidate Lyapunov function (65) represents the total
aggregation potential, weighted by Wa,Wt ,Wo and We, corre-
sponding to attraction–repulsion, tracking, obstacle interaction,
and energy consumption, respectively.

J(p,v) =Wa

(
Ja(p)+ Jr(p)

)
+Wt Jt(p)+Wo Jo(p)+We Je(v) (65)

The potential J(p,v) guarantees the convergence of
(p(t),v(t)) to an equilibrium state within Ωe = {(p,v) | vi =
0 and ∇iJ(p,v) = 0 ∀i ∈ N } as t → ∞, since J̇(p,v) is
negative semi-definite. As a result, the acceleration control
command for agent i is given as

ui =−∇piJ(p,v)−∇viJ(p,v)

=− ∑
j∈Ni

Wa

[
α−β exp

(
−
∥pi− p j∥2

γ

)]
(pi− p j)

−Wt δ (p̄− r∗)−We ẇi(vi)

−
D

∑
l=1

Wo
ζl

σl
exp
(
−∥θl− pi∥2

σl

)
(θl− pi) (66)

The acceleration update equation (67) ensures that ai re-
mains within the specified bounds (ai, āi). The velocity vi is
smoothed using the parameter ψ ∈ [0,1] in (68) to improve
energy efficiency. Finally, the new position pi is computed on
the control frequency ν2 Hz in (69).

ai =
〈
ui
〉āi

ai
= max{ai,min{∥ui∥, āi}}

ui

∥ui∥
(67)

vi←
〈

ψ(vi +ai/ν2)+(1−ψ)vi

〉v̄i

vi
(68)

pi← pi + vi/ν2 (69)

V. RENDEZVOUS CONTROLLERS

A. Centralized MAS Rendezvous Controller

The centralized MAS rendezvous controller (C-MAS) oper-
ates using two control loops: a low-frequency outer loop and a
high-frequency inner loop. In the outer loop, a central decision
maker gathers the current states of the agents, (pi,vi,wi), and
solves CRM-D using the H-CRM-D algorithm. The decision
maker updates the rendezvous point r∗ and broadcasts it to
the MAS at a frequency of ν1 Hz. In the inner loop, each
agent i receives the centrally determined rendezvous point r∗

and computes its next state (pi,vi,wi) by executing distributed
aggregation control commands, as given in (66), at a frequency
of ν2 Hz.

In the synchronous C-MAS controller, we assume that ν2 ≥
ν1. The outer loop is responsible for adjusting the rendezvous
point r∗ in response to dynamic changes within the MAS,
such as the addition or removal of agents, redefinition of R,
or modifications to D .
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Algorithm 3 Centralized MAS Rendezvous Controller
(C-MAS)
Input: An instance of CRM-D
Output: Agent trajectories to the rendezvous point Outer

Control of the Central Decision Maker with ν1 Hz
1: Get the current agent states (pi,vi,wi) for i ∈N .
2: Apply the H-CRM-D algorithm to find the rendezvous

point r∗ and publish to the Inner Control.

Inner Control of an Agent i for i ∈N with ν2 Hz
3: Get the central rendezvous point r∗

and the current neighbor states (p j,v j,w j) for j ∈Ni.
4: Apply aggregation control (66) towards r∗.
5: Publish the current state (pi,vi,wi) to the Outer Control.

B. Distributed MAS Rendezvous Controller

The distributed MAS rendezvous controller (D-MAS) op-
erates by controlling each agent i at a frequency of ν2 Hz
for i ∈N . An agent i receives the current state (p j,v j,w j)
and the local region data from its neighboring agents j ∈Ni.
Agent i computes the rendezvous point r∗i using the H-DRMi-D
algorithm, which is based on its local regions R(i) and D (i),
and operates at a frequency of ν1 Hz. Subsequently, agent
i moves towards r∗i by applying the distributed aggregation
control commands (66). The D-MAS controller iterates by
continuously publishing the current state of agent i to its
neighbors.

Algorithm 4 Distributed MAS Rendezvous Controller
(D-MAS)
Input: An instance of DRMi-D, an agent i for i ∈N
Output: Trajectory of agent i to the rendezvous point

Control of Agent i with ν2 Hz
1: Get the current neighbor states (p j,v j,w j) and

the current local regions R( j) and D ( j) for j ∈Ni.
2: Combine the neighbor regions to obtain R(i) and D (i).

Update of r∗i with ν1 Hz
3: Apply the H-DRMi-D algorithm to find the rendezvous

point r∗i .
4: Apply aggregation control (66) towards r∗i .
5: Publish the current state (pi,vi,wi) and the local regions

R(i) and D (i) to the neighbor agents.

We assume that ν2 ≥ ν1 in the asynchronous D-MAS
controller, meaning that the frequency at which an agent i
receives neighbor data is higher than the frequency at which
the rendezvous point is updated.

VI. SIMULATION RESULTS

A. Instance Generation

Simulations are performed in MATLAB Online within a
(10 m× 10 m× 10 m) flight arena, as illustrated in Fig. 3.
We randomly initialize N = 10 agents around a region R,
which is defined by M = 8 extreme points and overlaps with
a denied region (D = 1). Initially, the weighted centroid of the

TABLE I
SIMULATION PARAMETERS

General Parameters Aggregation Parameters
(N,K,M,D) (10, 2, 8, 1) (α,β ,γ,δ ) (2.5, 50, 0.2, 20)
T 200 secs ζ ,ψ 100, 0.8
wi 8.8 watts (Wa,Wt ,Wo,We) (0.4, 0.6, 1, 0.1)
ωi (8.5, 9.5) meter (ν1,ν2) (0.01, 10) Hz

agent positions, computed using Equation (42), lies outside
the region R and within the denied area D .

The heterogeneous MAS consists of K = 2 agent types
in equal numbers, both governed by double integrator dy-
namics. Agent specifications are based on the CrazyFlie 2.1
quadcopter, which is powered by a 250 mAh 3.7V LiPo
battery, offering approximately 3–4 minutes of flight time [41].
Velocity bounds are set as (vi, v̄i) = (0,1) meter/sec for all
agents. Acceleration limits are defined as (ai, āi) = (−0.5,0.5)
meter/sec2 for type-1 agents and (ai, āi) = (−1,1) meter/sec2

for type-2 agents. In D-MAS simulations, the communication
range is set to ωi = 8.5 meters for type-1 agents and ωi = 9.5
meters for type-2 agents. Each agent i can directly receive
information from its neighbors j ∈Ni. Experimental studies
report that CrazyFlie 2.1 maintains a nearly constant power
consumption of wi = 8.8 watts across varying flight speeds
[42].

Let r∗s represent the rendezvous point on which the agents
reach consensus during simulation round s. Rendezvous is
considered achieved when all agents remain within an ε = 0.5
neighborhood of this point for five consecutive control steps,
each lasting 1/ν2 secs. The two-round simulation, with a total
duration of T = 2/ν1 secs, proceeds through the following
sequence of events:

1) Initialization (t = 0): The controller computes a ren-
dezvous point r∗1.

2) Round 1
(
t ∈
[
0, 1

ν1

))
: Agents move to aggregate within

an ε−ball around r∗1.
3) Agent Addition

(
t = 1

ν1

)
: A new agent is introduced at

a random position, and existing agents are randomly
perturbed. The controller recalculates the rendezvous
point r∗2.

4) Round 2
(
t ∈

[ 1
ν1
, 2

ν1

])
: Agents aggregate around the

new rendezvous point r∗2.

The general and controller parameters are summarized in
TABLE I. For the denied region, the parameter θ is defined
as the centroid of its extreme points, and σ is the maximum
distance from this centroid to any of the extreme points. The
simulation code is available in our GitHub repository [43].

B. Simulation Results

Corollary 3 states that the weighted centroid of agent
positions is the optimal solution to the unconstrained ren-
dezvous problem. However, since this centroid lies outside
the feasible region R \D , as shown in Fig. 3, the H-CRM-D
and H-DRMi-D algorithms are employed by the C-MAS and
D-MAS controllers to compute valid rendezvous points.
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Fig. 3. Top and 3D views of a MAS rendezvous scenario with N = 10 agents, K = 2 agent types, M = 8 vertices, and D = 1 denied region.

Fig. 4 depicts the two-round simulation of the C-MAS
controller. Agents follow trajectories shown by blue dots and
reach their final positions marked by red stars, while the
rendezvous points are indicated by orange stars. In Fig. 4, the
first column presents the 3D trajectories, the second column
shows the top view, and the third column provides a zoomed
top view around the rendezvous point.

In the first round of the C-MAS simulation, CRM-OPT com-
putes a rendezvous point within R that falls inside the denied
region D . Consequently, H-CRM-D corrects this by projecting
the point into the feasible region R \D , yielding r∗1. In the
second round, a new agent joins the system, following the
orange trajectory, and all agents converge around the updated
rendezvous point r∗2. In both rounds, the agents maneuver
around the denied region en route to the rendezvous point.
The convergence of agent positions over time is illustrated
in Fig. 5. The corresponding simulation video is available at
https://youtu.be/4FA6B6IgK_E.

In the D-MAS simulation, all agents are assumed to have
complete knowledge of the region R and the denied region
D , i.e., R(i) =R and D (i) =D for all i ∈N . However, each
agent i has only local information about the positions of its
neighboring agents, limited by its communication range ωi.

At each round of the D-MAS simulation, the H-DRMi-D
algorithm initially computes a local rendezvous point r∗i ∈
R \D for each agent i. It then applies the update rule in (47)
to iteratively reach consensus across the network, resulting
in a shared rendezvous point r∗s at round s. As expected,
the rendezvous points computed by the C-MAS and D-MAS
controllers are found to be closely aligned across both simu-
lation rounds, as summarized in TABLE II. The convergence
of agent positions in the D-MAS simulation is illustrated in
Fig.6. Notably, the agents follow trajectories similar to those in
the C-MAS simulation (Fig. 4). The corresponding simulation
video is available at https://youtu.be/OA8x--Fmo_U.

The comparison between the C-MAS and D-MAS controllers
highlights key differences in consensus formation, robustness,
and operational efficiency. The C-MAS controller achieves
consensus via a centrally computed rendezvous point, ensuring
coordinated behavior but introducing vulnerabilities related
to central decision-maker failure and limited communication
ranges. In contrast, the D-MAS controller employs a distributed

TABLE II
COMPARISON OF RENDEZVOUS POINTS COMPUTED BY C-MAS AND

D-MAS CONTROLLERS

Point Controller x y z

r∗1
C-MAS 6.9482 4.9523 4.5505
D-MAS 7.3254 5.0849 4.5505

r∗2
C-MAS 8.0442 6.2275 5.4064
D-MAS 8.3231 6.1254 5.4090

consensus rule, enabling agents to independently compute
and iteratively align on a common rendezvous point that
closely matches the one derived by C-MAS. This decentralized
mechanism enhances robustness to agent failures and dynamic
changes within the MAS, while also reducing dependence on
global communication and centralized control. Furthermore,
D-MAS demonstrates greater scalability and adaptability, op-
erating as an asymmetric meet anytime algorithm that supports
flexible integration of agents into the system at any time.

VII. CONCLUSION

This research addresses the energy-efficient control of a het-
erogeneous MAS operating within a convex polyhedral region
that may contain denied zones. To achieve this, we developed
both centralized and distributed mathematical formulations to
identify a feasible, energy-efficient rendezvous point within
the region of interest. Exact and heuristic solution methods
were proposed to solve these formulations. Subsequently, the
centralized C-MAS and distributed D-MAS controllers were
designed to guide the MAS to the designated rendezvous
point, effectively managing collision avoidance and obstacle
navigation.

Energy efficiency was pursued through three key strategies:
(1) optimizing the rendezvous point based on agent power
consumption, (2) computing aggregation control to reduce
overall power usage, and (3) smoothing agent trajectories to
minimize abrupt velocity and acceleration changes. Simulation
results demonstrate that both controllers effectively direct
the MAS to the desired rendezvous point, with the D-MAS
controller offering scalability, robustness, and a lightweight
implementation as a practical asymmetric distributed con-
troller.

https://youtu.be/4FA6B6IgK_E
https://youtu.be/OA8x--Fmo_U
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Fig. 4. Agent trajectories in the C-MAS simulation rounds. The corresponding simulation video is available here.
The D-MAS controller produces nearly identical rendezvous points. Its simulation video is available here.

Fig. 5. Convergence of agent positions under the C-MAS controller.

Future work could explore optimizing rendezvous point
selection based on agent-specific preferences, considering
openness and asymmetry alongside energy efficiency, rather
than assuming all non-denied positions are equally acceptable.
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Fig. 6. Convergence of agent positions under the D-MAS controller.
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